Abstract. Geometric magnetism is a post-adiabatic reaction force exerted by a fast system on a slow system coupled to it. Here it is demonstrated analytically and numerically that a heavy (slow) uncharged billiard boundary, ∂D, swerves, on the average, because of geometric magnetism exerted through elastic impacts from a light (fast) charged particle moving inside ∂D in a magnetic field, for both regular and chaotic fast motions.
Introduction
Massive billiards are models for classical coupled fast and slow motions. A planar domain D (figure 1) has an uncharged rigid massive boundary ∂D that can be shifted by elastic impacts from a light particle moving inside it; ∂D has mass M and the light particle has mass m M and charge q. We assume ∂D has a large moment of inertia and so can be translated but not rotated; a way of implementing this is shown in figure 1. There is an external magnetic field B = Be Z perpendicular to the plane, so that the light particle moves in arcs of Larmor circles. The system has four freedoms, namely the position coordinates r = {x, z} of the light mass m, and the position coordinates R = {X, Y } of the centre of mass of the heavy boundary M. We shall be particularly interested in billiards for which the light particle moves chaotically for frozen ∂D.
To understand fast/slow systems, it is convenient to make an approximate adiabatic separation of the two time scales. Then the effective dynamics of the slow motion is governed by reaction forces obtained by averaging over the motion of the fast system. For massive billiards r(t) is the fast motion and R(t) the slow motion, and adiabatic averaging requires that m makes many collisions while ∂D hardly moves: defining the fast velocity v ≡ṙ and the slow velocity V ≡Ṙ, the requirement is |v| |V |. In the most elementary adiabatic averaging (Arnold et al 1988, Lochak and Meunier 1988) , the reaction force is the gradient with respect to R of the average energy of the fast system for fixed R; in quantum mechanics this would be the Born-Oppenheimer force (Messiah, 1962) . For the systems we study here, this force is zero because of the translational invariance. Our focus of attention will be on one of the post-adiabatic reaction forces linear in V , arising at the next level of approximation, namely geometric magnetism.
Obviously, the linear forces can, if local in time and space, be written in the form
familiar from linear response theory, where K is a 2×2 matrix obtained by averaging the fast motion (Berry and Robbins 1993a) . Geometric magnetism arises from the antisymmetric part of K, and is the force where the geometric magnetic field B G depends on the averaged fast motion. Another interpretation of B G is that its integral over a surface in R space gives the quantal geometric phase (Berry 1984, Shapere and Wilczek 1989) or (in integrable cases) the classical (Hannay 1985) angle accumulated by the fast system when transported round the boundary ∂S. The reaction force of geometric magnetism is well known in quantum mechanics (Mead and Truhlar 1979 , Jackiw 1988 , Berry 1989 , Cottingham and Hassan 1990 , Yin and Mead 1992 , and it has been calculated classically for some cases where the fast motion is integrable (Berry and Robbins 1993b, Berry 1996) . Here we will demonstrate theoretically (section 2) from elementary arguments and general formulae (Robbins and Berry 1992, Berry and Robbins 1993b) , and also computationally (section 3), that it occurs in chaotic classical systems too. We will show that for massive billiards the geometric magnetic field takes the simple form
so that the slow system, although uncharged, inherits the magnetism of the fast. This result is a special case of fast motion whose R dependence is obtained by canonical transformation (Robbins 1994) . The symmetric part of K S of K gives deterministic friction, that is a dissipative force (Wilkinson 1990 , Jarzynski 1992 , 1993a , 1995 , Berry and Robbins 1993a . In massive billiards there is no deterministic friction, because there is no 'Aristotelian' reference frame with respect to which ∂D can be slowed down. Geometric magnetism and deterministic friction are not the only post-adiabatic reaction forces. At least three others have been identified: an electric counterpart (Berry 1989, Berry and Robbins 1993b) of geometric magnetism, a velocity-dependent modification of the slow mass (Littlejohn and Weigert 1993) , and a memory force (Jarzynski 1993b ) depending on the slow history R(t). Beyond these, little is known about the hierarchy of reactions.
Theory
If the wall ∂D is represented by the interaction potential U(r − R) with the fast particle, the Hamiltonian for the massive billiard is
where p and P are the fast and slow momenta, and we have chosen the symmetric gauge for the magnetic vector potential for the fast particle. We seek the approximate equation of motion for the slow motion R, in the adiabatic limit M m. An elementary procedure for calculating B G (R) is based on the observation that the massive billiard has total charge q and the only external force comes from the applied field B, so that 'macroscopically', that is as seen from afar, the internal motion would be insignificant and the whole system should move magnetically as a single charged particle with the total mass M tot = M +m ≈ M, that is in a Larmor circle. To see how this emerges, we start with the exact equations of motion:
Adding these, we get
where V cm is the velocity of the centre of mass
of the whole system. Integrating (7) and taking the cross product with B gives the fast position in terms of V cm as
The vector C is a constant of motion, generalizing the arbitrary centre of the Larmor circle for a single particle in a magnetic field (for a discussion of this invariant, see Avron et al (1978) ). Hereafter we fix this trivial translational freedom by setting C = 0. Then the distance of the light particle from the origin at time t is
Now we invoke the adiabatic approximation, and assume there exists a time, T ad , for which m collides many times with ∂D while ∂D moves very little. For ergodic fast motion m explores D uniformly. Then, averaging over T ad gives
Thus (9) becomes
This is the approximate slow equation of motion. Its solution shows that the boundary moves in a circle with radius
and with constant speed V = |V |. The same result could have been obtained by averaging the equation of motion (7) directly. We see that although ∂D is uncharged it inherits magnetism from m. This is the geometric magnetism claimed in (2) and (3), with the Lorentz force involving B G = qB. Now we carry out the formal exercise of showing that B G = qB follows from the general formula for geometric magnetism (Berry and Robbins 1993a) , valid when the fast motion is chaotic for frozen R. The formula is
The symbols have the following meaning. h is the Hamiltonian for fast motion with R regarded as a parameter:
∂ E is the weight of the phase-space surface with fast energy E:
Gradients are with respect to R. (f ) t denotes the function f on the fast phase space, evaluated at the point r t , p t that has evolved from r, p in time t with frozen R. Finally, f E is the (microcanonical) phase-space average of the function f over the energy surface E:
For massive billiards it will be convenient to use the noncanonical but measurepreserving transformation from (r, p) to (r, mv). Thus dr dp = dx dy dp x dp y = m dr dv.
Then a short calculation gives
where A is the area of the domain for which E > U(r − R), which for billiards is the area of D (and of course independent of E). From (15), ∇h = ∇h(r; R) = −∇U(r − R)
and so, from (6),
Using this, the time integral in (14), over the frozen motion, can be evaluated, with the result
In writing the first equation, the contribution from the upper limit, t = ∞, has been ignored (it is elminated by the slightest regularization, for example exp(−εt) in the integrand), and in writing the second equation use has been made of (18) and v = 0 for frozen R.
The remaining average in (22) gives
Now
The divergence gives zero in (23), and the remaining integral gives A and so B G = qB as claimed in (3).
Although this derivation has made use of the microcanonical distribution for chaotic systems, a similar formulation can be given for integrable fast motion; the result is the same. One way to see this is to adapt the elementary argument leading to (13). For integrable motion the first equation in (11) need not be true, but nevertheless the average r(t) will differ from R(t) only by a constant shift, and this is sufficient to justify the last equation in (11), leading again to (13).
Numerical illustrations
The circle magnetic billiard is integrable for frozen R (see figure 2 and Robnik and Berry (1985) ). For the general massive billiard, where R is allowed to move, there is an additional constant of motion, namely the total angular momentum (which is perpendicular to D and so effectively a scalar)
Together with H and the two components of C defined by (9), this gives four conserved quantities, strongly suggesting (as does numerical evidence to follow) that the massive billiard is integrable. Integrability would hold similarly for any circular potential U(|r−R|), not just billiards. However, these four constants are not involution (they do not commute), so this argument is not watertight. Three mutually commuting quantities are H , T and C · C, but we are unable to identify the fourth. Figure 3 (a) shows a trajectory of the centre of the circle. It consists of straight segments between impacts from the fast light particle moving inside it. Geometric magnetism is obvious in the 'macroscopic' view of many segments. The theoretical radius from B G , namely MV 0 /qB, differs slightly from that observed; the discrepancy can be reduced by the (post-geometric) replacement of M by M + m.
Even when m/M is not small, the curvature of the trajectory of the centre of the circle is still apparent, although accompanied by fluctuations. Because the whole system is integrable, these fluctuations form a regular pattern, as figure 3(b) shows. The mean radius of the trajectory is about 1.1 times the Larmor radius of the orbit of m (=1.1 circle diameters in this case) which is considerably larger than the 0.25 Larmor radii that geometric magnetism would predict on the basis of equation (13), and the discrepancy is not substantially improved by replacing M by M + m. (In the antiadiabatic limit m M, mean radius of the centre of the circle would of course be equal to the Larmor radius of the orbit of m.)
The square magnetic billiard is nonintegrable for frozen R (Robnik 1986, Berglund and Kunz 1995) . There are both regular and chaotic regions in the phase space, with chaos predominating when |B| is such that the Larmor radius is comparable with the length of the side of the square (see figure 4) . When R is allowed to move, geometric magnetism is obvious when m/M 1 ( figure 5(a) ). When m/M is not small, the curvature of the trajectory of the square is still apparent, but the fluctuations are larger than for the circle, and, because of the nonintegrability, irregular, as figure 5(b) shows. In the Sinai magnetic billiard ∂D is a disk (with centre R) which together with the light (magnetized) particle that strikes it moves not in the plane but in a box with periodic boundary conditions, that is a torus. Therefore the Sinai billiard is inside-out in comparison with the other massive billiards. For frozen R, numerical computation (e.g. figure 6 ) suggests that the motion of the light particle is chaotic for all |B|. When R is allowed to move, the trajectory of the disk does not appear to show geometric magnetism when displayed on the torus ( figure 7(a) ), but geometric magnetism is revealed when the trajectory is unfolded into the periodic plane ( figure 7(b) ).
Geometric magnetism is an adiabatic effect, influencing the slow motion on times short enough for nonadiabatic energy exchange between the fast and slow subsystems to be negligible (although long enough for the fast particle to make many collisions). If the fast motion is chaotic, the slow motion over much longer times should be strongly influenced by nonadiabatic effects. We illustrate this by computing the positions of the fast particle for many collisions with ∂D. These should lie within a circle whose radius r max is determined by (10) with the largest value of V cm compatible with the conserved total energy, E, determined by the initial conditions. Since the largest value of V cm occurs when V = v, giving
Figure 8(a) shows that for the square massive billiard, whose dynamics is chaotic, the fast particle explores the whole of the interior of this circle. Over such long times it is reasonable to assume equipartition of energy between m and M, and a short calculation then predicts the rms radius of the fast particle to be r max / √ 2, again in accord with figure 8(a). For the circle massive billiard, which is integrable, the additional constant of motion (25) constrains the particle to an annulus inside r max , as figure 8(b) shows.
